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Abstract 

Let u be a solution of the Cauchy problem for the nonlinear parabolic equation 

d t u = Au + F(x, t, u, Vtt) in H N x(0,oo), u(x, 0) = tp(x) in K N , 

and assume that the solution u behaves like the Gauss kernel as t — > oo. In this paper, 
under suitable assumptions of the reaction term F and the initial function <p, we establish 
the method of obtaining higher order asymptotic expansions of the solution u as t — > oo. 
This paper is a generalization of our previous paper [IB] , and our arguments are applicable 
to the large class of nonlinear parabolic equations. 

2010 Mathematics Subject Classification Numbers. 35B40, 35K15, 35K58. 

1 Introduction 

Let it be a unique solution of the Cauchy problem for the nonlinear parabolic equation 



d t u = Au + F(x, t, u, Vu) in R-^ X (0, oo) 
u(x, 0) = (p(x) in R w , 
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where N > 1, d t = d/dt, F G C(R N x (0, oo) x R x R^), and 

(1.2) <p G L\ := Lf> G L 1 ^) : j ^(l + \x\) K \(p(x)\dx<oo 

for some constant K > 0. Let A > 1 and assume that the solution it satisfies 

(C A ) |F(a;,t,«(a;,t),Vtt(x,t))| < C*(l + 0~ A (|u(:r, t)| + (1 + t) 1/2 |Vu(x, t)|) 

for almost all (x,t) G R^ x (0, oo), where C* is a constant. Then it can be proved that 

u G S :=jv G L£.(0,oo : ^'"(R^)) : 



sup 

t>0 



t AT/2 



!I w 0)IIl°°(R^) + * 1/2 1| V«(t) || jr,oo (RJW) 

and the solution u behaves like the Gauss kernel as t — >• oo, that is, 
/ i)<ix converges to a constant M as t — >• oo and 

lim ||n(t) - MG(1 + t)\\ Lq{RN) /\\G(l + i)llz«(R") = for any q G [1, oo], 



(1.3) 



where 

G(a:,t) = (4vrt)-Texpf -I^-J 
(see Theorem 13.1 1) . We introduce the condition (-Fa) on the reaction term F: 

' (i) F(x, t, 0, 0) = for all (x, t) G ~R N x (0, oo); 
(ii) For any v\ and i>2 G S, there exists a constant C such that 
(Fa) ^ \F(x,t,v 1 (x,t),Vv 1 (x,t)) - F(x,t,v 2 (x,t),Vv 2 (x,t))\ 

< C(l + t)- A (\ Vl (x,t) -v 2 (x,t)\ + (l + t) 1 / 2 \Vv 1 (x,t) - Vv 2 (x,t)\) 
for almost all (x,t) G H N x (0, oo). 

Condition (Fa) ensures that, if v G S, then v satisfies condition (Ca). In this paper, under 
these conditions (Ca) and (Fa), we study the large time behavior of the solution u of (jl.ip . 
and establish the method of obtaining higher order asymptotic expansions of the solution u 
as t — > oo. 

Consider the Cauchy problem for the semilinear heat equation 

(1.4) d t u = Au + A|it| p-1 it in R^x^co), u(x, 0) = <p(x) in K N , 

where N>1, AgR, p>l + 2/N, and 99 G L 1 (R Ar ) nL°°(R Ar ). Under suitable assumptions, 
Cauchy problem (|1.4p has a unique global in time solution, and the large time behavior of 
the solution has been studied in many papers by various methods (see for example [3], [6], 
[UJ-[IS], [2U], |23]-|2S], [2S]-|3I], [33, and references therein). In particular, it is known 
that, if 

(p G L 1 (R Ar ) fl L°°(R Ar ) and || 

V 9 IIl jv (p- 1 )/ 2 (r jv ) ^ s sufficiently small, 
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then there exists a unique global in time solution of (jl.4p . satisfying (|1.3p . In [16] the 
authors of this paper and Ishiwata studied the large time behavior of the solution of (|1.4p . 
and investigated the decay rate of the difference between the solution it satisfying (jl.3p and 
the Gauss kernel (see also [17], [24], [25], [31], and [3Q1 Proposition 20.13]). Subsequently, in 
[18], improving the arguments in [16], the authors of this paper studied the Cauchy problem 
for the nonlinear parabolic equations of type 

d t u = Au + F(x, t, u) in x (0, oo), 

and gave higher order asymptotic expansions of the solution satisfying (|1.3p . Their results 
are applicable to the solution of (jl.4p . satisfying fjl .3|) . We remark that, if the solution u of 
(ll.4p satisfies (ll.3p . then there holds 

{Xlu&t^uix,^ < C(l + t)-fO'- 1 ) \u(x,t)\, (x,t) € R N x (0,oo) 

for some constant C, and conditions (Ca) and (-Fa) are satisfied with j4 = N(p — l)/2 > 1. 
On the other hand, for the Cauchy problem for the nonlinear parabolic equations of type 

(1.5) d t u = Au + V • F(x, t, u) in R*x(0,oo), 

under suitable assumptions on F and the initial function, there exists a global in time solution 
satisfying fjl .3[) . and the asymptotics of the solution has been studied in detail by many 
mathematicians (see for example [I], [2], 0], [5], [7], [8], [10], [22], [27], [28], [32], [33], [35], 
and references therein). The solution u of the Cauchy problem for (jl.5p satisfies 

(1.6) / u(x,t)dx = / it(x,0)dx 

iR^ JR^ 

under suitable integrability conditions on the solution u, and property (|1.6p has been used 
effectively in the study of the asymptotic expansions of the solution of (11.51) in the papers. 
However the solution of (jl.ip does not necessarily have property (jl.6p . and it seems difficult 
to apply their arguments to Cauchy problem (jl.ip for general nonlinear parabolic equations 
directly. 

This paper is a generalization of our previous paper [18], and the main results of this paper 
are given in Section 4. In this paper, by using the operator P[ K ^(t) introduced by [16] (see 
Section 2.1) we establish the method of obtaining higher order asymptotic expansions of the 
solution of Cauchy problem (II. lj) under conditions (Ca) and (Fa)- Furthermore we give decay 
estimates of the difference between the solution and its asymptotic expansions. Our results 
can give not only higher order asymptotic expansions of the solutions of general nonlinear 
parabolic equations systematically but also sharp asymptotic expansions of the solutions for 
some typical examples of nonlinear parabolic equations. In Section 6 we apply our results to 
some selected examples of nonlinear parabolic equations including the convection-diffusion 
equation and the Keller-Segel system of parabolic-parabolic type, and explain the advantage 
of our results. 

The rest of this paper is organized as follows. In Section 2 we give some notation and 
introduce the operator Pr^i(t). Furthermore we recall some properties of the solution of 
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the heat equation and the operator Pr^(t), and give a preliminary lemma on the volume 
potential (see also Section 7). In Section 3 we give a theorem, which implies that the solution 
of (jl.ip belongs to S and satisfies fjl .3j) and which ensures the well-definedness of P\k] {t) u {t) 
and P[K](t)F(-, t, u(t), Vu(t)). In Section 4 we state the main results of this paper, and give 
higher order asymptotic expansions of the solution u of (jl.ip under conditions (Ca) and (Fa) 
with A > 1. Section 5 is devoted to the proof of theorems given in Section 4. In Section 6 we 
apply our main results to some selected examples of nonlinear parabolic equations. Section 7 
is an appendix, and there we prove the Holder continuity of the gradient of the volume 
potential. 



2 Notation and preliminary results 

In this section we give some notation and the definition of the solution of (jl.ip . Furthermore 
we introduce an operator P^(t), and recall some preliminary lemmas on the solution of the 
heat equation and the operator P^(t). 

2.1 Notation and operator P\K]if) 

We introduce some notation. Let No = N U {0}. For any feeR, let [k] be an integer such 
that k — 1 < [k] < k. For any multi-index a = (a\, ■ ■ • , «at) G N^, we put 

N N N d]a \ 

\a\ ■= y~]\ui\, a\ :=Y\_ctil, x a :=JJx°% d% 



<>>■: ■■■<>■>■ x 
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J(a) := {p = (pi, ■ ■ ■ ,p N ) G N^ \ {a} : p { < a, for alii = 1, • • • ,N}, 

9a(x,t) :=1=!&(^G)0M + *). 
a! 

In particular, we write g(x, t) = go(x, t) for simplicity. We denote by e tA ip the unique bounded 
solution of the Cauchy problem for the heat equation with the initial function ip G L 1 (R Ar ), 
that is, 



(2.1) (e tA if)(x) := / G(x-Z,t)<p@dZ. 

Jr n 



For any two nonnegative functions f\ and /2 defined in a subset D of [0, oo), we say fi(t) ■< 
f2(t) for all t G D if there exists a positive constant C such that fi(t) < Cf2(t) for all t G D. 
In addition, we say h{t) x f 2 {t) for all t G D if fi{t) < f 2 {t) and f 2 (t) < fi{t) for all t G D. 
In what follows, we write 

II ' \\q = II ' \\li(R n )' III ' lllm = || ' Wl 1 ^ ,(l+\x\) m dx) 

for simplicity, where q G [1, oo] and m > 0. 

We give the definition of the solution of Cauchy problem (jl.ip . 
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Definition 2.1 Let ip G L 1 (K N ) and assume F G C(R N x (0, oo) x R x K N ). Then the 
function u G L^ c (0,oo : W 1,l (R N )) is said to be a solution of (II. ip if 



u(x, t) 



f G(x - £, t)<p(Z)d£ + f f G(x-£,t- s)F& s, s), V 



s))d£ds 



holds for almost all (x, t) G R x (0, oo) 



Let G No, i G {0, . . . , k}, and i > 0. Next we follow [IB] and [IB], and introduce a linear 
operator Pi(t) on L-J, by 



(2.2) 



[Pi(t)/](x) := /(x) - M a (f,t)9a(x,t), 

\a\<i 



where / G and M a (f,t) is the constant defined inductively (in a) by 

M (f,t):= [ f(x)dx, M a (f,t):= f x a f(x)dx if |a| = 1, 
Jn N Jr n 



(2.3) 



M a (f,t):= x a f(x)dx- V M p (/,t) / x a g p (x,t)dx if |a|>2. 



Then the operator Pi{t) has the following property, 



(2.4) 



/ x a [Pi(t)f](x)dx = 0, |a|<i, 



which is a crucial property in our analysis. Here, under the assumption <p G L l K with K > 0, 
we apply the operator Pr^i(t) to e tA ip, and obtain 

P M (t)e tA ^ = e tA <p- M a (e tA v,t)g a (x,t) 

\a\<[K] 

J2 M a (<p,0)g a (x,t) = e tA {P [K] (0)ip) 

\a\<[K] 



e tA <p 



for all t > 0. (See also Lemma [2T31 (ii).) Then, due to property (|2.4p . we have 
(2.5) 



M Q (v?,0)<? Q (t) 
|a|<[JC] 



o(t~) if 
O(rf) if K > [K], 



as i — > oo. This is easily obtained by Lemma |2. II and property (Gl) given in Section 2.2. See 
also [HI Proposition 2.1]. 



2.2 Preliminaries 

In this section we recall some preliminary results on the behavior of solutions for the heat 
equation and the operator Pr^i(t). Furthermore we give preliminary lemmas on the volume 
potential and an integral inequality. 
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Let a € and g a be the function given in Section 2.1. Then, for any j = 0, 1, 2, . . . 



"o 

there exists a constant C\ such that 



(2.6) |d%G(x,t)|<C,t- i!± ^ a 



' 1 1 fh) 



.,-1 X H+ 2 J 



exp 



4t 



for all (x,t) € x (0, oo). This inequality yields the inequalities 

_N n Is |a| f ;_| Q 

(2.7) \\g a (t)\\ q l(l + t) / \x\ l \g a (x,t)\dx±(l + t) — , t>0, 

N 



R 



for any q € [1, oo] and I > 0. Furthermore, by (|2.1|) and (|2.6|) we have: 

(Gl) For any multi-index a and 1 < p < q < oo, there exists a constant ci a i, independent of 
p and g, such that 

\\d«e tA ^\\ q < c^r^^yh, t>0. 

In particular, there holds ||e* A c/?||g < \\<p\\q for all i > 0; 
(G2) For any I > and 5 > 0, there exists a constant C2 such that 



|zr|(e tz V)(x)|(fx < (1 + *) / |x| t |y>(s)|dx + C 2 t5 / |yj(x)|dar, t>0 
(see also Lemma 2.1 in [H]). This inequality implies that 

ll|e tA ¥# < (i + <y)lllvllli + C3(i + t3)IMIi, * >o, 

for some constant C3; 
(G3) For any I > 0, there exists a constant C4 such that 

|/|V7^tA,„N/ \| , ^ ^ .-i f 111 



x\ l \W{e tiy Lp){x)\dx < C 4 t~2 / \x\ l \(p{x)\dx + C4t~ / |y(x)|da;, i > 0. 

This inequality implies that 

il|V(e tA ^)||b < C 5 H||M||, + C 5 t-s(l + i > 0, 

for some constant C5. 
Moreover we give one lemma on e tA f. See [161 Lemmas 2.2 and 2.5]. 
Lemma 2.1 Ze£ 99 E Li mt/t > and assume 

x a ip(x)dx = 0, [a| < m, 

R N 
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for some integer m G {0, . . . , [A;]}. Then there holds the following: 

(i) -tf < m < [k] — 1, for any I £ [0, k — m — 1] , there exists a constant C\ such that 



xf \(e tA ip)(x)\ dx 



„ m+l 
< C\t ~ 



\m+l+l 



R" 



\ip{x)\dx + t* / \x\ m+ '\v{x)\dx 



, t>0; 

(ii) If m = [k], for any I £ [0, k — [k]}, there exists a constant C2 such that 



x\ l \(e tA ip)(x)\ dx < C 2 t~^r I \ x \ k \ip{x)\dx 



R 1 * 



for all t > 0. In particular, if k = [k], then lim £2 ||e <p\\i = 0. 

t— >oo 

Next we recall the following two lemmas on the operator Pk{t). See |X6|, Lemma 2.3] and |18j 
Lemma 2.3]. 

Lemma 2.2 Let K > and f be a measurable function in H N x (0, 00) such that f(t) G 

/or all t > 0. Then there holds the following: 

(i) Assume that there exist constants (3 > and 7 > sitc/i that 

sup(l + t)- |+7 ^lll/(*)lll/<oo 

/or aZZ I G [0, X]. Then, for any multi-index a with \a\ < [K], there exists a constant C\ such 
that 



\M a {f{t),t)\ <Cx{i + t)^-n-^ t>o. 



Furthermore 



sup 

t>o L 



^ (l-|)+7+^||p _ + (1 + t)-i+7^|||p tx] (t)/(t)|||, 



< OO 



/or an?/ I G [0, if] and g G [1, 00]; 

(ii) 7/ i/iere exist constants /3' > and 7' > suc/t £/ia£ 



sup 



t f(i-iHv^ll /( ,)ll g + (1 + t) -i + y^ 

/or a// i G [0, K] and q G [1, 00], then 



< 00 



t 2 ^ qJ+2 



Jo 

for any q G [1, 00] and j = 0, 1. 



/ (1 + s)f- 7 's- /3 'ds, f>0 
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Lemma 2.3 Let k > and f = f(x,t) G C(R N x (0,oo)) n L°°(R N x (0, oo)) such that 
sup 0<r< j |||/(7")|||fc < 00 f or a ll t > 0. Let u be a solution of the Cauchy problem 

d t u = Au + f in R Ar x(0,oo), u(x,0) = <p(x) in R N , 

where ip G L\. Then there holds the following: 

(i) For any i G {0, • • • , [k]}, the function v = [Pi(t)u(t)](x) satisfies 

d t v = Av + Pi(t)f(t) in R iv x(0,oo); 

(ii) For any multi-index a with \a\ < [k], 

M a (u(t),t) - M a {u(s),s) = [ M a (f(T),r)dr 



for all t > s > 0. In particular, if f = 0, 

M a (u(t),t) = M a (<p,0), \a\ < [k], t>0. 

Next we give one lemma on the volume potential. Let T > and H G L°°(0, T : L°°(R N )). 
Let w be the the volume potential of H defined by 

(2.8) w(x,t);= I I G(x-t,t-T)H(£,T)d£dT, t G (0,T). 

Jo Jr n 

Then we have: 

Lemma 2.4 Let T > and H G L°°(0,T : L°°(R N )). Then w and V x w are continuous 
functions in TL N x (0, T) and 

(2.9) (V x w)(x, t)= I I (V x G)(x - £ t - r)H(C, r)d^dr 

Jo Jr n 

holds for all (x,t) G R^ x (0,T). Furthermore there exists a constant C\ such that 

(2.10) SUp |mt)||oo+ SUp IKVzWX^Hoo < Cl||-H"||i°°(0,T:i°°(R^))- 
0<t<T 0<t<T 

In addition, for any v G (0, 1) and \a\ < 1, there exists a constant C2 such that 
foi-n \d>{x,t) -d>(y,s)\ 

V' 11 ) \ x _ y \v + u _ S K2 - MI^IIl°°(o,t : l°°(r")) 

/or a// (y,s) G R w x (0,T) toit/i (x,i) / 

Lemma 12.41 is proved by the same argument as in [91 Chapter 1]. We give the proof in 
Section 7 for completeness of this paper. 

At the end of this section we recall one lemma on an integral inequality. See |18l 
Lemma 2.4]. 

Lemma 2.5 Let £ be a nonnegative function in (0, 00) such that sup 0<t<1 < 00. Let 
A > 1 and a > 0. If, for any 5 > 0, there holds 

C(2t) < (1 + 5)C(i) + Ci y s" A C(s)rfs + Ci^, * > 1/2, 
/or some constant C\, then there exists a constant C2 such that < C^f 7 for all t > 1. 
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3 Large time behavior of solutions 

Consider the Cauchy problem 



(3.1) 



dtu = Au + f(x,t, u, Vu) in R Ar x(0,oo) 
u(x, 0) = tp(x) in H N , 



where / G C(R'' V x (0, oo) x R x TL N ) and tp G L^- for some K > 0. In this section we assume 
that there exist constants C > and A > 1 such that 



(3.2) 



\f(x,t,p, q)\ < C(l + t)~ A (H + (1 + t) 1/2 |9 



for all (x,t,p,q) G R w x (0, oo) x R x R ff , and prove the following theorem, which ensures 
the well-definedness of P[x](t)u(t) and P^(t)F(-, t, u(t), Vu(t)) for the solution u of (jl.ip in 
Section 4. 

Theorem 3.1 Assume if G /or some i^T > and condition (|3.2p , ITien i/iere exisis a 
solution u of (I3.ip wii/i i/ie following properties: 

(i) u, Vn G C^R^ x (0,oo)); 

(ii) For any g € [1, oo] and / G [0, K], there hold 



(3.3) 
(3.4) 

(iii) There exists a limit 
M := lim / 



2.(1-1) 
SUp t 2 9 

0<t<oo 



Wi)l| g + ^ll(V^)(i)||, 



sup (l + t)"3 \\\u(t)\\\i+t2\\\(V x u)(t)\\\i 

0<t<oo L 



< OO, 

< oo; 



u(x, t)dx 



ip{x)dx + 



JR. 



f(x, t, u, Vu)dxdt 



such that 

(3.5) lim tf^-^+i ||v j - Afs(t)]|| =0 /or any g G [1, oo] and j = 0,1. 



In order to prove Theorem 13.11 we first construct approximate solutions of (|3.1|) , and prove 
the following lemma. 

Lemma 3.1 Assume the same conditions as in Theorem Xi.W Then there exists a solution of 
(13.11) such that 



(3.6) 
(3.7) 



sup t 2( *> 
0<t<T 



\u(t)\\ q + t2\\(V x u)(t)\\, 



< oo, 



sup (IIK^IIk + ^IIKv^X^lllz) <oo, 

0<t<T 



for any T > 0, q G [1, oo], and I G [0, K]. 
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Proof. Let q G [l,oo] and tp G L 1 (R iV ). Put 

(3.8) ui(x, t) := (e%)(x), u n+1 (x, t) := (e' A v?)(x) + f e^ A f n (s)ds, 

Jo 

for (x,t) G R w x (0,oo), where n = 1,2, ... and f n (y,s) := f(y,s,u n (y,s), (Vu n )(y,s)). Let 

iV+l 

Co and ci be the constants given in (Gl) and put C := Co + ci + 2 2 qjcj. By (Gl) we have 

(3.9) sup t T(1 "^[||«i(t)||, + ^||Vui(t)||,] 

0<t<oo 



sup t f( 1 -i)[|| e ^|| g + 1 | ||V e tA ^y ^(co + ciJIMI^CIMl!. 

0<t<oo 



This together with (13. 2p implies that 

(3.10) sup # (1 4>+% 1 (t)|| 9 <CC' 1 (l + T)^|| 1 , T>0, 

0<t<T 

for some constant Gi. By (Gl) and (|3.10|) we have 



(3.11) 



e 



( t - s ) A / 1 ( S )d S 



i-t/2 ft 

< / l|e ( *- s)A /i(^)ll^+ / We^^his^ds 

q JO Jt/2 
ft/ 2 N 1 /"* 

<co/ (^- S )~^ (1 "« ) ||/i(s)||i^+ / H/iWII,^ 

J Jt/2 

<GG 2 (1 + T)5r^ {1 -| )+ 5||^|| 1 
for all t G (0, T) and T > 0, where G2 is a constant. Then, by (Gl), (j3.8|) . and ()3.1ip we have 



Furthermore, since 



(3.12) sup i- li -^||« 2 (i)|| <? < Co ||99||i + GG 2 (l + r)^^^!!!, T>0. 

0<t<T 



(3.13) u 2 (x,i) = [e^ A u 2 {t/2)](x) + / e^'^f^ds, (x,t) e K N x (0,oo), 

it/2 

applying (|5JDD and (gUD to (l3~T3]l . by (Gl) we obtain 

(3.14) ||Vn 2 (t)|| 9 < ||Ve(*/^ A u 2 (t/2)|| g + /* \\Ve^ A A(s) \\ q ds 

Jt/2 

< Cl (*/2)-3 ||u 2 (i/2)|| g +ci / (t-a)-5||/i(*)||,(fe 
<coc 1 (V2)-^ {1 -^ ) -5|| 9J || 1 + C7C73(i + r)ir5t-f( 1 -^-5||^|| 1 
for all i G (0,T) and T > 0, where G3 is a constant. Therefore, by (13.12P and (|3.14p we have 

(3.15) sup t* (1 ^[\\u2(t)\\ q + t-2\\Vu 2 (t)\\ q } 

0<t<T 

< cyiu + c(c 2 + g 3 )(i + ^Irlii^ii! < + gg t |M|i, t > o, 
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where Ct '■= (C2 + C^)T^ (1 + T)z . Furthermore we apply the same argument as in (|3. 15|) 
to obtain 

sup * T(1 "^[||«3(t)|| g + t5||Vti 3 (*)|| g ] < ClMli + CCrCl + CrJIHIi 

0<t<T 

< C(l + C T + C|)||^||i, T>0. 
Repeating the argument above, for any n = 1, 2, . . . , we have 

(3.16) sup ^-^[IM*)!!, + t^lKv^xoy < c(i + c T + • • • + c^lMli 

0<t<T 



and 



(3.17) u n+1 (x,t) = [e^ A u n+1 (T)](x) + j\^ A f n (s)ds 

for all (x,t) G x (T, 00) and all T > 0. 

Let Ti be a positive constant such that Ct x < 2 _1 . By f|3. 16[) we have 

Jf/i h 1 

(3.18) sup t T(1 "« ) [K(t)|| g + ^||(V B « n )(t)||,]<2C||^|i. 

0<<<Ti 

Applying the same argument as in the proof of (|3.18[) to (|3.17p with T = T\/2, we have 
sup (t-Ti/2)^ (1 ^IWunit)]]^ + (t - T^WiVxUnXt)]^} <2C||« n (Ti/2)|| a 

Ti/2<t<3Ti/2 

for n = 1, 2, . . . . This together with (|3.18j) implies that 

SUp t» (X ^[\\Un{t)\\g + t2\\(V x U n ){t)\\ q ] <C 4 |M|l 
0<t<3Ti/2 

for some constant C4. Repeating this argument, for any T > 0, we can find a constant C5 
satisfying 

(3.19) SUp ^[KWHg+^IKVaUnX*)!!,] < C 5 |Mll, 71 = 1,2,.... 
0<t<T 

This together with (|3.2p implies that 



(3.20) sup t- (1 ~^ )+5 ||/ n (t)|| g <C 6 , n = l,2,.... 

0<t<T 

for some constant Cq. 

Next, by (I3.20p we apply LemmaEHand (Gl) to (I3.17p . and we see that, for any v € (0, 1) 
and T > 0, there exists a constant CV, independent of n, such that 

/ 321 n \u n+ i(x,t) - u n+1 (y,s)\ \(V x u n+1 ){x,t) - (V x u n+1 )(y,s)\ < c 

|x - y|" + |t - s^/ 2 \x -y\ u + \t - s\ v / 2 ~ ' 
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for all (x,t), (y,s) € R w x (T/2,T) with (x,t) / (y,s). Then, by (|339|) and (13T2TI applying 
the Ascoli-Arzela theorem and the diagonal argument to {u n } and taking a subsequence if 
necessary, we see that there exists a function u € C U ' U / 2 (R N x (0,oo)) such that V x u G 
C V '"/ 2 (R N x (0,oo)) and 

(3.22) lim u n (x,t) = u(x,t), lim (V-u n )(x,i) = (V x M)(x,i) 

uniformly on any compact set in R N x (0,oo). Furthermore, by (|3.2p . (|3.19p . and f|3.20|) we 
have 

N n 1 1 i jv _ i \ , i 

(3.23) sup « } [||«(t)|| g + t^||(V a: u)(t)|| 9 ] < oo, sup t~ (1 * }+ *\\f(t)\\ q < °o, 
o<t<r o<t<T 

for any T > 0, where f(x,t) = /(x, i, u, Vu). In addition, we have 

(3.24) u(x,t) = [e {t - T)A u(T)]{x) + J* >~ S ) A f( s )ds 

for all (x, t) e~R N x (T, oo) and T > 0. This together with (15331) implies that it is a solution 
of (HUD. 

It remains to prove (|3.7p . Put 

w n (t) = |||lt n (t)|||K + t^\\\Vu n (t)\\\ K . 
Then, applying (G2) and (G3) to (|3.8p . we have 

(3.25) sup Wl (t) < C[ Wl (0) = C'^WipWlx < oo 

0<t<l 

for some constant C[. Furthermore, by (13. 8h we have 

(3.26) w 2 (t)< I (1 + \x\) K (\e tA ip\ +t^\Ve tA ip\)dx 

+ l U n {1 + ] e(t ~ s)A/i M dx ) ds 

1 /■* / r 



+t5 jf (7 (1 + |x|) x |Ve(*- s ) A /!( S )| dx) 
=:/i(*) + / 2 (t) + /3(*) 

for all i > 0. Let T 2 be a sufficiently small constant to be chosen later such that < T 2 < 1. 
Then, since I\{t) = by (|3.25f) we have 

(3.27) sup h{t)<C[\M\\ K . 

0<t<T 2 

On the other hand, by (G2), ([O]), and (g^Tj) we have 

(3.28) I 2 (t) < C 2 f\l + (t- s)t ) [\\\h(s)\\\ K + WMs)^} ds 

Jo 

<C'J s^ Wl {s)ds <C[CiT l / 2 \\\ip\\\ K 
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for all < t < T < 1, where C' 2 , C3, and C' A are constants. Similarly, by (G3), (|3.2p . and 
(13371) we have 

(3.29) h(t) < C'.T 1 / 2 fit - syHl + (t- S )f ) [|||/i(«)||| x + II/1WH1] * 

j 

Jo 

for all < t < T < 1, where C' 5 , C' 6 , and C 7 are constants. By (|3T26]) - (pT29l) . taking a 
sufficiently small T 2 > so that (C' 4 + Cj)T 2 1/2 < 2 _1 , we have 

sup ^ 2 (t)<^[l + (Cl + C0T 2 l||^||| i ,<C 1 (l + 2- 1 )||| V 9||| A -. 

0<t<T 2 

Repeating the argument above, we have 

(3.30) sup w n (t) <C((l + 2- 1 + --- + 2-( n - 1 ))|||( / ?||| x <2C[\\\<p\\\ K , n = l,2,.... 

0<t<T 2 

Furthermore, applying the same argument to (|3.24p with T = T 2 /2, by (|3.30[) we have 

sup [\\\u n (t)\\\ K + (t -T 2 /2)V 2 \\\Vu n {t)\\\ K ] <2C' 1 \\\u n (T 2 /2)\\\ K < (2C' 1 ) 2 \\\i P \\\ K 

T 2 /2<t<3T 2 /2 

for n = 1, 2, . . . . This together with (|3.30p yields 

sup w n (t) < sup w n (t) + sup w n (t) < Cglll^lllif < 00, 71=1,2, ... 3 

0<t<3T 2 /2 0<t<T 2 T 2 <t<3T 2 /2 

for some constant Cs- Repeating this argument, for any T > 0, we have 



sup sup w n (t) < 00. 

n>l 0<t<T 



This together with (|3.22p implies 



sup 

o<t<T L 



\u(t)\\\ K +t- 2 \\\(Vu)(t)\\\ 



A" 



< 00 for any T > 0. 



Thus we obtain (|3.7p . and the proof of Lemma [3.11 is complete. □ 
Next we prove the following lemma. 

Lemma 3.2 Assume the same conditions as in Theorem 13. 1 1 Let u be a solution of (|3.ip 
given in Lemma \3.1[ Then there holds 

(3.31) sup(||u(*)||,+*3||Vit(t)y < +00 

t>T 

for any T > and q € [1, 00]. 
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Proof. We use the same notation as in the proof of Lemma 13.11 Let q 6 [1, oo]. By (|3.2p we 
have 

(3.32) H/Wll^^dluWIIfl + ^llVuCOy 

for all t > 1, where Ci is a constant. Let T\ be a constant to be chosen later such that T\ > 1. 
By (Gl), (1223), and (l3T32|) we have 

\\u(i)\\ q <\\u(T 1 )\\ q + f \\f{s)\\ q ds 



< KTi)|| 9 + (7i^ s- x (||u(a)|| s + a3||V«(s)|| a )da, f > 2i. 



This inequality together with A > 1 implies that 

(3.33) \\u(t)\\ q <\\u(T 1 )\\ q + C 2 T^ A+1 sup (|Ks)||, + a*||Vu(a)||,) 

Ti<s<t v ' 

for all t >T\, where C 2 is a constant. On the other hand, since 

*3 / (t - s)~h~ A ds = f5 / (i-s) _ 2s~ j4 <Zs + / (i - s)~2 S - 4 d s 



< t3 



< T{ A+1 



for all t > 2Ti, by (Gl), (ET2"4"|) . and (1332]) we have 

iq^i-j.^-V" -"-i/ " ii "'V- 1 1/ iig 1 ^i"- / v °; "iuv a ;ii(j 



(3.34) ^Vu(t)\\ q <c 1 t?(t-T 1 )^uiT l )\\ q + c 1 t? I (i - ||/(a)||,cfe 



^Cgll^TOH. + CidP / (t- S )-h- A (||n(s)|| g + a3||V«(s)|| g ) 



<c , 3Kri)||g + c , 4 r 1 - A+1 su P (IKa)||, + s'||Vu(s)||, 

T!<s<t v 

for all i > 2Ti, where C3 and C4 are constants independent of T±. Let Ti be a sufficiently 
large constant such that CiT^ A+1 < 1/2. Then inequality (|3.34j) together with (|3.6h yields 

(3.35) sup 52 ||Vu(s)|| g < 2C3 |jit(Ti ) || g + sup ||«(s)|| g + sup \\Vu(s)\\ q < 00 

2Tx<s<t T!<s<t Ti<s<2Ti 

for all t > 2Ti. Furthermore, combining (|3.33|) with (|3.35p . we have 

sup \\u(s)\\ q < + C 2 T^ A+1 sup (\\u{s)\\ q + s^\\Vu(s)\\ q 

2T 1 <s<t Ti<s<t v 

<\\u{T l )\\ q + C 2 T^ A+l sup f|K S )|| g + ^||V«( S )|| g ) 



Ti<s<2Ti 

-A+l 



1 



+C 2 Tf /1+i 2C 3 |KTi)||,+ sup Hs)|| g + sup S 2||Vu(s)|| 9 

V Ti<s<2Ti Ti<s<2Ti 



+2C 2 Tf A+1 sup 



us 



2Ti<s<t 
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for all t > 2T\. Then, taking a sufficiently large T\ so that 2C 2 Tf A+1 < 1/2 if necessary, we 
can find a constant C5 satisfying 

sup < C 5 ||n(Ti)|| 9 + C 5 sup ( ||w(s)|| ? + s5||Vu(s)|| g )< 00. 

2Ti<s<oo Ti<s<2Ti v 7 

This inequality together with (|3.6h implies that 



(3.36) sup ||it(s)|| 3 < oo 

s>T 

for any T > 0. Similarly, by (|3,6p . (|3.35p . and (|3.36|) we have sup || Vu(s) || 9 < oo for any 

T > 0, and obtain inequality (I3,3ip . Thus Lemma 13.21 follows. □ 

Now we are ready to prove Theorem 13. 1[ 
Proof of Theorem 13.11 Let ip € L l K with K > 0. Let u be a solution of (|3.ip given in 
Lemma [370 We first prove (I3.3p . Let q G [1, oo] and assume 



(3.37) supti (\\ U (t)\\ q + t L 2\\Vu(t)\\ q ) < 

t>i v 7 



DC 



for some 7 > 0. Applying (Gl), (pOl|) . (ET321) . and (COTD to inequality (EHIjl with T = i/2, 
we obtain 

(3.38) |Ki)|| g < ||e(*/ 2 ) A n(t/2)|| g + f \\f{s)\\ q ds 

Jt/2 

±t-^ l -^\\u(t/2)\\ 1+ f s- A {\\u{s)\\ q + sHVu(s)\\ q )ds 



t/2 



for all t > 2. Similarly we have 

(3.39) t2\\Vu(t)\\ q <t5||Ve (t/2)A n(t/2)|| g + d / ||Ve ( *- s)A /(s)|| g ds 

for all t > 2. Then, under assumption (|3.37|) . by (|3.31|) . (|3.38|) . and (|3.39|) we have 

SUp t K (\\u(t)\\g +t^\\Vu(t)\\a) < OO, 

where 

f „ ^ / 
« = min < 7 + A — 1, — II 

Since ()3.37p holds with 7 = by Lemma 13.21 applying the argument above several times, we 
obtain (pOTjl with 7 = (iV/2)(l -1/q). This together with (EHJ) implies lETSj) . 
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Next we prove f|3.4[) . For any I G [0, K], we put 



Ui(t) :-- 



\u(x,t)\+t2\(V x u)(x,t)\ 



dx. 



Let T be a sufficiently large constant to be chosen later such that T > 1. By (|3.24p we have 

(3.40) Ui(t)< [ \x\ l {\e {t - T)A u{T)\ + t^\Ve^ A u(T)\)dx 

Ju N 



--: h(t) + I 2 (t) 



5 (*-)A / ( 4 



Ve (t-.)A /(4 



(is 



for all t > T. By (G2), (G3), and Lemma 13. II we have 



(3.41) 



/ Ixl'K^rJIdar + (t-T)5|KT)||i 
/r^ 



+t 5 (t - T)" 



RJV 



xr|u(x,T)|(ix + (t — T)~2~||u(T)||i ^ *5 



for all t > 2T. Similarly, by (G2), (G3), (|5?7j> . (^321) . and Lemma E21 we obtain 

(3.42) I 2 (t)± f l (\y\ l + (t-s) L 2)\f(y,s)\dyds 
Jt Jr n 

rt r 

\l 



+/" / / (\y\ l (t - s)- 1 * + (t - s) l -^)\f(y,s)\dyds 




< I I {\y\ l + (t-s) l 2)s- A (\u(y,s)\ + s^\Vu(y,s)\)dyds 
It Jk n 

. / /i .7 / \ - 1 / \ 1-1 \ - 4 




(t-a)~3 — ) s A (\u(y,s)\ + s2\Vu(y,s)\)dyds 

< ( sup s^W^s)^ f s~ A+l 2ds+ [ s~ A (t - s)^ds 
\T<s<t J Jt Jt 

H 



+t? I sup s^W^s)^ /" s ~ A+ 2"(t - s)~?ds + t5 / s~ A (i - s)Vda 
\T<s<t / Jt 



\T<s<t 



for all i > 2T. By (|3.4U|) - (|3.42|) we see that there exists a constant C\ such that 

sup s~*Ui{s) < CiT~ A+1 sup s-^Ui(s) + d 

2T<s<t T<s<t 

for all t > 2T > 2. Then, taking a sufficiently large T so that CiT- A+l < 1/2 if necessary, 
we have 

sup s~2U[(s)<2 sup s~zUi(s) + 2Ci. 

2T<s<oo T<s<2T 
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This together with (pTTj) implies (gCH) . 

It remains to prove (13. 5p . Let j = 0, 1. For any q G [1, oo], by (13. 2j) and (13.3H we have 



(3.43) 



sup + 11/(^)11, <oo. 

t>0 



Then, by (|2.3p and (|3.43|) we apply Lemma 12.21 (i) and Lemma 12.31 (ii) to obtain 



\M (u(t),t) - M {u{t ),t )\ = 



1 1 



r< / (1 + s y A+ ^s-^ds 



> to 



M (f(s),s)ds 

for all t > to > 0. This together with A > 1 implies that there exists a constant M such that 

(3.44) \M (u(t),t) -M\ = 0(t-( A -V) 
as t -> oo. Then, by (1277]) and (j3.44j) we obtain 

(3.45) lim * )+ ^ || V J [M (u(t), £)<?(*) - Mg(t)} \\ q = 



t— >oo 



for any q € [1, oo]. 
Let 

(3.46) R(x, t) := u(x, t) - M (u(t),t)g(t) = u(x, £)- 

By Lemma 12.31 we see that 



u(x, t)dx I g(x, t). 



where 
(3.47) 
This implies that 



d t R = AR + f in R tf x(0,co), 
f(x,t) := [P (t)f(t)](x) = f{x,t)-(J f(x,t)dx\(x,t). 

V j R(t) = V j e tA R(0) + V j f e (t - s)A f{s)ds 

Jo 

= V j e tA R(0)+( f + f /2 + [ L )v j e {t - s)A f(s)ds 

V Jt/2 J L Jo J 

=: VV A i?(0) + J^t) + J 3 (t) + J 3 (t) 

for t > 2L, where L > 0. Since / R(x,0)dx = 0, by Lemma I2TT1 (ii) and (|2.7|) we obtain 

Jn N 

(3.48) lim ^ (1 ~i )+ 2||VV A i2(0)L =< lim ||e ( ' /2)A i?(0)||i = 

t— >oo t— >oo 

for any q € [1, oo]. On the other hand, since it follows from (12. 7h . (I3.43h . and (|3.47j) that 
(3.49) 



sup(l + t) A -5^ (1 -i )+ ^||/(t)|| (? <oo, 

i>0 
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by (Gl) we have 
(3.50) 



|| j l( £)|| g ^ t f (!-§)+! / (t-8)-l\\f(s)\\ q d8 

Jt/2 

d T (t - X = o(l) 



as t — > oo. Furthermore, by (Gl) and f|3.49|) we have 

(3.51) ^( 1 -?)+i||J 2 (t)|| 9 
iv (1 _i )+f /■'- 



/•t/2 /-t/2 /-t/2 

/ V J 'e ( *- fl)A /(s) ds^ / ||/(s)||ids^ / s- A ds^L~ A+1 
Jl i Jl Jl 



for all sufficiently large t. Similarly, by (G3) we have 



(3.52) 



<t2^ 9^+2 



\\Mt)\\ q 

L 



■ (t-s) A ft— S) A ~ 



ds -< 



e—*f(s) 



ds 



for all t > 0. On the other hand, by LemmaO (ii), (Gl), (jZl| . and ([535]) we have 



(3.53) 
(3.54) 



lim 

t— >oo 



e 2 



7W 



e— A f(s) < 11/(5)11! < oo, t>2L, 



for all s G (0, L). By (|3.53|) and (|3.54p we apply the Lebesgue dominated convergence theorem 
to (|3.52j) . and obtain 



(3.55) 



lim ^ (1 -^ )+ "||/ 3 (t)|| g = 0. 

t— »oo 



Therefore, by (j3Tl8"j) - (l3ToT]) and (|535D we have 



limsupt^ (1 "« )+ 5||V^(t)|| g < C 2 L- A+1 



t—>oo 



for some constant Gi- Therefore, since L is arbitrary, by A > 1 we have 

lim f? (1 -5 )+ 2||V J 'i?(i)L = 0. 

t— >oo 

This together with (ETiSl and ([535]) yields ([53]) . and Theorem O follows. □ 

By an argument similar to the proof of Theorem 13.11 and with the aid of (|1.6p we can 
obtain the following theorem. 

Theorem 3.2 Consider the Cauchy problem 

(3.56) d t u = Au + V • F(x, t, u) in R Af x(0,oo), u(x, 0) = <p{x) in R JV 

where F € G(R^ x (0, oo) x R : R^) and (/? € /or some if > 0. Assume that there exist 
constants G > and A > 1 suc/i f/iai 

|F(x,t,p)| < G(l + t)~ A+1/2 |p|, (x,t,p) ER w x (0,oo) x R. 

Then there exists a function u € G(R^ x (0, oo)) with the following properties: 
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(i) For any q 6 [l,oo] and I G [0, K], 



sup t 2ii "'\\u(t)\\ q + sup + 2|||u(t)|||i < oo; 

0<t<oo 0<t<oo 

(ii) u satisfies 

u(x,t) = e iA ^(x) + / V-e ( *- s)A F(-,s,n(-,s))(is 
/or almost all (x,t) € R^ x (0,oo); 



(iii) There holds 



N / -i 1 \ 

lim^ (1 ?J| u (*)-M(/(*)L=0, <?G[l,oo], 



t— >oo 

where M = J Rjv (p(x)dx. 

Remark 3.1 Assume 92 € L°°(R Ar ) n Li* for some K > 0. Zei it 6e £/ie solution of (|3.ip . 
given in Theorem I3.1L Then, by an argument similar to the proof of Lemma \3.1\ we have 



sup 

0<t<T 



< 00 



|«(*)||oo + * 3 ||(Va.«)(t)]|c 

for any T > 0. This together with assertion (i) of Theorem \3.1\ implies that 

\u(t)\\ q + t^\\(V x u)(t)\\^ < 00 

for any q £ [1, 00]. 27ms a/so ZioWs /or i/ie solution of (|3.56p . gi^en m Theorem \3.2[ 



sup (1 + i) 2 

0<t<OO 



4 Main Theorems 

In this section we state the main results of this paper, and give the higher order asymptotic 
expansions of the solution u of Cauchy problem (jl.ip . 

Let u be a solution of Cauchy problem (|l.ip with 99 € for some if > 0. Assume that 
the solution u satisfies (j3.3j) . ()3.4|) and condition (Ca) for some ^4 > 1. Put 

F(x,t) := F(x,t,u(x,t),Vu(x,t)) 

for simplicity. Then, by (|3.4p . for any multi- index a with |a| < [if], we can define M a (u(t),t) 
for all t > (see (JZ3])). Furthermore, by (Ca), (133]), and (JSHJ) we have 



(4.1) \\F(t)\\ q ±(l + t)- A \\u(t)\\ q + (l + t)*\\V x u(t)\\ q ^(l + t)- A+ «" Tl ? 



-.1 11..,, >M 1 , 1 1 M^liv „mli , 1 , 4.)-A+$ t -% (l-l)-l 

(4.2) r< (l + i) _A lll«(t)IHi + (l + *)3|||V x «(t)|||, ^(1 + ^" A H, 



for all f > 0, where q 6 [1, 00] and Z € [0, if]. Therefore, applying Lemma 12.21 (i) and 
Lemma 12.31 (ii). we obtain 



(4.3) \M a (u(t),t)-M a (u(t ),t Q )\ 



M a (F(s),s)ds 



t 



f a , M+l 1 

< / {1 + S)- A+ 2 S -2ds 
Jtn 
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for all t > to > 0. This implies the following: 

(i) For any multi- index a with |a| < [K], if A > 1 + |a|/2, there exists a constant M a such 
that 

(4.4) \M a (u(t),t) - M a \ * (1 + f)-(^-i)+l«l/2 f or a n j > 0; 

(ii) For any multi-index a with |a| < [if], ifl<j4<l + |a|/2, then 



(4.5) 



M a (u(t),t) 



0( j-(A-l)+\*\/^ if A < i + | a |/ 2> 
O(logt) if A = l + |a|/2, 



as i — > oo. 

Now, following |18j . we introduce the function U n = U n (x,t) defined inductively by 



U (x,t) := ^2 M Q (u(t),t)g a (x,t), 



(4.6) 



\a\<[K] 



U n (x,t) :=U Q (x,t)+ [ e(*- s ) A P [x] (s)F ri _ 1 ( S )d S , n = l,2,... 

JO 



where F n ^i(x,t) = F(x, i, U n -\(x, t), {V x U n ^\)(x, t)). In particular, since 

e {t - s)A g a (s) =g a (t) fort>s>0, 

by ([22]) and (USD we have 

Onfot) = J] M a (u(t),t)g a (x,t) 

\a\<[K] 



- e 
lo 



(t-s)A 



F„_i(a)- M a (F n „i( S ),s) ffa (s) 



|a]<pT] 



^ M a (u(t),t) - J M a {F n ^(s),s)ds g a (x,t) + J e^ A F n ^(s)ds. 



\a\<[K) 



Now we are ready to state the main theorems of this paper. 

Theorem 4.1 Let u be a solution of Cauchy problem (jl.ip with (p £ L X K for some K > 0. 
Assume that the solution u satisfies (j3.3j) . (|3.4p , and condition (Ca) for some A > 1. Lei 
n = 0, 1,2, . . . and assume condition (Fa) if n > 1. T/ien there holds the following: 
(i) The function U n defined by (|4.6|) satisfies 



supt 2{ i> 

t>o 



(4.7) 
(4.8) 

/or any g € [1, oo] and / € [0, if]; 



nV. 1 '/ \\q 



< CO, 



SU P (l+t)-3 |||t/nWlllz+^ll|Vxt/„(t)|||z 
t>0 



< CO, 
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(ii) For any g £ [1, oo] and j = 0, 1, 



(4.9) 



t 2 



f(l-|) + i 



1 2 



- u n {t) 



-< < 



[ (l + t)-f + (1 + 

t/ 2(n + 1)(^4 — 1)^K, 

(1 + t)-f log(2 + 1) 

»/ 2(n + 1) = if, 



/or a// f > 0; 

(iii) If 2{n + l)(yl — 1) > K, then, for any q € [1, oo] and j = 0, 1, 



(4.10) 



u(t) - U n (t) 



if. 

2 



»/ ^=[^], 

if K>[K], 



as t — > oo; 

(iv) For any I € [0, if], a > 0, and j = 0, 1, 



(4.11) 



*a(l + t)~2 



u(t) - I7„(t) 



r< (i + t)"^ +a + (i + i) 



/or a// 1 > 0. 
We remark that: 

• U n (n = 1,2, . . . ) gives the ([K] + 2)-th order asymptotic expansion of the solution u 
and is determined systematically by the function Uq\ 



• If 2(n + 1)(A — 1) > K, then the decay estimate of \\u(t) — U n yv)\\ q 
is the same as in (12.51); 



as t -4 oo in (|4.10p 



• f7o is represented as a linear combination of {g a (x, t)}\ a \<\K], and plays a role of pro- 
jection of the solution onto the space spanned by {g a {x, £)}| a i<r.Ki- 

Furthermore we remark that the condition A > 1 in Theorem 14. II is crucial. Indeed, even if 
conditions (Ca) and (Fa) hold for some A € (0, 1], the solution of (jl.ip does not necessarily 
behave like the Gauss kernel as t — > oo, that is, the conclusions of Theorem 14.11 does not 
necessarily hold. See Remark 16.11 and [18, Remark 1.1]. 

Theorem 14.11 is an extension of [18, Theorem 3.1], and is a result for general parabolic 
equations. Next, by Theorem 14.11 we give other higher order asymptotic expansions of the 
solution of (II. ip . which are simple modifications of the function U\. Let J G {0, . . . , [K]} and 
put Ja = min{ J, 2(^4 — 1)}. Then, by (|4.4p we can define the function 



Uj{x,t) :-- 

and we write F(Uj(x,t)) = F(x,t,Uj(x,t),VUj(x,t)) for simplicity. 



J2 M Q g a (x,t) if J>1, 
0<H<J A 

Mg(x,t) if J = 0, 
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Theorem 4.2 Let u be a solution of Cauchy problem (jl.ip with tp G L^ K for some K > 0. 
Assume that the solution u satisfies (13, 3ft . (13, 4j) . and conditions (Ca) and (Fa) for some 
A > 1. Let J G {0, ... , [if]} and 

(4.12) n(x,t):= M a (u(t),t)g a (x,t)+ f e^ A P [K] (s)F(Uj(s))ds. 

\a\<[K] ^° 
Then, for any q G [1, oo] and j = 0, 1, 



f 0(fr 



(4.13) t^ (1 ~l )+ 2 ||V J '[n(t)-n(t)]| 



i/ tf>4(A-l), 



O(t--logt) i/ K = 4(A-l), 



0(f 
o(t~ 



K_ s 

2 



if K <4(A-1), K±[K], 
if K < A(A — l),K= [K], 



as t — > oo. 

Furthermore, corollary of Theorem 14.21 we have: 

Corollary 4.1 Assume the same conditions as in Theorem \4:A\ and K > 0. Pni 



(4.14) u(x,i):= V M a (u(t),t)g a (x,t)+ f e^ A P [K] (s)F M (s)ds 

Fm(x, t)dxdt 



\a\<[K) 



M 



JR 



5(2:, i) + ^ c a (t)g a (x,t) 

\a\<[K] 

t 



+ e 



(t-s)A 



F M (s)ds 



where M = M , F M (x,t) := F(x,t,Mg(x,t),MVg(x,t)), and 



co(t) :-- 



[Fm(x, s) — F(x, s)]dxds, 



c a (t) := M a (u(t),t) - / M a (F M (s),s)ds if 1 < \a\ < [K\. 



Then (|4.13|) holds with u replaced by u. 

5 Proof of Main Theorems 

In this section we prove Theorems 14.11 14.21 and Corollary 14.11 We first prove assertions (i) , 
(ii) , and (iv) of Theorem 14.11 

Proof of assertions (i), (ii), and (iv). By (|3.4p we apply Lemma I2T21 (i) with (3 = 7 = 
to the function Uq (see (|4,6p ). and obtain 

\V j U (x,t)\< \M a (u(t),t)\\Vig a (x,t)\± £ (1 + t)^\V g a (x,t)\ 

\a\<[K] \a\<[K] 
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for all (x,t) G ~R N x (0, oo) and j = 0,1. This inequality together with (\2.7\i implies (|4.7j) 
and (14. 8p for the case n = 0, and assertion (i) follows for the case n = 0. 

Let n = —1,0,1,2,... and j = 0,1. We assume, without loss of generality, that a G 
(0,A - 1). Put 



cr if 2n(A - 1) > K, 

(K/2) -n(A-l) if 2n(A-l) < K, 



* K 
j n = A + — - a n . 



Let C/_i = and F_ x = in R w x (0, oo). Then flM]) holds for n = 0, 1, 2, ... . Furthermore, 
since the solution u satisfies (|3.3p - (|3.5p . assertions (i), (ii), and (iv) hold with n = — 1 and 
a = a . 

We prove assertions (i), (ii), and (iv) under condition (Fa)- Assume that there exists a 
number n* G {— 1, 0, 1, 2, • • • } such that assertions (i), (ii), and (iv) hold with n = and 
a = <r n »+i- We first prove assertion (i) for n = n* + 1. Since \J n , G S and G 5, by (-F4) we 
have 

\F nt (x,t)\ = \F(x,t,U nt ,VU nm ) -F(x,t, 0,0)| 

d (1 + ty A (\U nt (x,t)\ + (1 + i) 1/2 |VC/ nt (x,t)|) 

for all (x,t) G R ff x (0,oo). Then, since assertion (i) holds with n = n*, we obtain 

,4 1 1 r E(i-L), 



sup(l + i) A ~^2 tT^-^||i^(t)||, + (1 + t)-*\\\F n M\\l 

t>0 L 



< 00 



for any g€ [1, 00] and I G [0, K]. This together with Lemma 12.21 (i) implies that 



(5.1) sup(l + t) A -2t^ 



t>o 



N n _ 1 1 i 
t a( ^ 11%] (^n,W ||, + (!+*)-* II |%](*R,> 'INI, 



< 00 



for any g G [l,oo] and / G [0,if]. Therefore, since A > 1, by (Gl), P~Bj) . (|4T7|) with n = 0, 
and (15.11) we have 



||V J '[/ n , + i(i)|| 9 < ||V^ (t)|| g + 

t/2 



^ t 2 ^ «J 2 + 



JO 

(t-aJ-Ta-;)-* 11^(8)^(5)11^ 

+ / (t-s)-i ||% (5)^(5)11^5 

./t/2 



-< t 2 t. 1 g J 2 _|_ t 2 ^ M 2 



t/2 
t/2 



(1 + 5 



I A+ 2 S Ids 







Jt/2 



-<t 21 9 2 
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for all t > 0. Furthermore, by (G2), (G3), flUD, gSJ) with n = 0, and ([53D we have 



(5.2) |||V^ n . +1 (t)|||,<|||V^oW|||i+ 



Ve^ A P [K] ( S )F nt (s)ds 



xH(l + t)3+ / (t-a)i || |^ JC] (a)if n .(s)||| { da 

JO 

+ / (t- S )-i(l + (t- S )5)||P [K] ( s )^( s )|| lC i s 

JO 

/ +/ ){t-s)-Hl + sr A+l ^rs-Us 

JO Jt/2/ 

+ ( f /2 + f )(t-s)-i{l + (t-s)i)(l + s)- A+ h-hs 

\J0 Jt/2/ 



^ i"2(l +t)2 

for all t > 0. These imply that assertion (i) holds with n = n* + 1. On the other hand, due 
to -U € 5, by (-Fa) we have 

(5.3) \F nt (x,t) - F(x,t)\ 

± (1 + tr A (Mx,t) - E/n*(M)| + (1 + t) 1/2 |Vu(x,t) - W n ,(x,i)|) 

for all (x,t) £ x (0,oo). Then, since assertions (ii) and (iv) hold with n = n» and 
<r = (T ra *+i, by (|5.3p we obtain 

(5.4) su P ^ (1 -| )+(7 - +1 -2) + 5||F(t)-F n ,(t)|| ? 

t>0 

+ sup(l + i)~5+(7™»+i-§)^|||F(£) -F„.(t)|||j < oo 

t>0 

for any c/ € [l,oo] and Z € [0, if]. This together with Lemma 12.21 (i) implies that 

(5.5) sup t% ^->^-^\\P [K] (t)[F(t) -F„.(t)]||, 
t>o 

+ sup(l + 0"^ +(7 "* +1 "^ ) ^|||% ] (t)[F(t)-F nt (t)]||| i <oo 

t>0 

for any q € [1, oo] and Z G [0, K\. 

Next we prove that assertions (ii) and (iv) hold with n = n* + 1 and cr = cx n>t+ 2. Recall 
that the solution u satisfies (|3.3p and (|3.4p . Then, due to assertion (i) with n = rt* + 1, it 
suffices to prove that (14. 9h and (14. lip hold with n = n* + 1 and cr = cr nji+ 2 for all sufficiently 
large i. Put z(t) := u{t) - U n , +1 (t). Then, by ([22]) and gSJ) we have 

(5.6) z(x, t) = ifa (t)u(t) - I e^ A P [K] (s)F nt (s)ds. 

Jo 

Then, by Lemma 12.31 (i) we obtain 

8 t z = Az + P [K] (t)[F(t) -F n ,(t)] in R"x(0,oo). 
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This implies that 

(5.7) z(t) = e^ A z(t ) + f e^ A P [K] (s)[F(s) - F n .(s)]ds, t>t >0. 
Let q £ [l,oo]. By (Gl) we have 

(5.8) ^ (1 4)+i||vV A z(0)|| g = t^ 1 ->i\\V3e^ A e^ A z(0)\\ q H || e (*/ 2 ) A ^(0)||i 
for all t > 0. Furthermore, it follows from (j2.4j) that 

/ x a z(x,0)dx = x a P K] (0)u(0)dx = 0, |a| < if , 
./r^ ./ha 

hence, we apply (|5.8|) and Lemma I2TT1 (ii) to obtain 

(5.9) t% {1 -* )+ i\\V j e tA z(0)\\q <t' 



K 
2 



for all t > 0. On the other hand, applying Lemma [2.2l (ii) with 7' = 7 n „+i — 1/2 and /3' = 1/2 
with the aid of (15.41). we obtain 



(5.10) f 



V i r e (*- S )A P (s)[jP(s) _ jP ^ (s)]ds 
■/ 



(l + a 



K_ , 1 1 

| 2 7n*+l~r 2 g 2 



JO 



K 



if 2(n* + 2)(A-l)>lf, 

Hrlog* if 2(n* + 2)(A- 1) = K, 
k t -K+2)(A-i) if 2 ^ + 2 )(^ _ !) < K} 



for all sufficiently large t. Therefore we apply (|5,9p and (|5,10p to ()5.7j) with to = 0, and 
obtain inequality (J4.9P with n = n* + 1 for any sufficiently large t. Thus assertion (ii) holds 
with n = n* + 1. 

On the other hand, for any I G [0, If], we have 



(l + i)-3|||V^(t)llll = 



-< 



1+ 



1 + \x\ 

(l + t)V2 



|V^(t)|^ = ||V^(t)||x + (1 + i)" f Illv^Wllk 



for all t > 0. Then, by (|4.9p with 5 = 1 and n = n* + 1 we see that, if there holds (|4.1ip 
with I = K, then we have (|4.1ip for I E [0, K]. Thus it suffices to prove (14.111) with I = K, 
n = n* + 1, and a = <r n *+2- Put Zj(t) = z(t)\\\ic ■ By (|5.7p we have 



(5.11) 



Z J (2t)<\\\^e tA z(t)\\\ K + / \\\Vie^ A P [K] (s)[F(s)-F n M]\\\Kds 



25 



for all t > 0. Let 5 > 0. Then, by (G2), (G3), and (gJ)D with n = n* + 1 we have 

(5.12) |||e tA z(i)|||^ < (l + 5)\\\z(t)\\\ K +C 2 (l + tf )||*(t)||i < (1 + <5)Z (t) + C 3 t CT -+ 2 , 

(5.13) t5|||Ve* A z(t)|||^ r< |||z(t)|||jf + (1 + ^)||z(t)||i di Z (t) + t an *+ 2 , 

for all t > 1/2, where C2 and C3 constants. Furthermore, by (G2), (G3), and (|5.5p we have 



(5.14) 



/it 
1 1 1 V i e (2 t - S )Ap^ {s) [F{s) _ ^ m 

/It 
(2t - s)-i\\\P [K] (s)[F(s) - F nt (s)]\\\ K ds 



2f 



+ / (2t-s)-i 



1 + (24 — s)7 



Z" 2 * K 

r< y (2t-a) - 3(l + s)T 



2/ 



+ / (2t-a)" 



1 + (2t- a)? 



(1 + s)~ 7 "* +1 ds 



-< t^i + T -7n* + l + l _ £-§-(j4-l)+On*+l _< £-§+crn*+2 



for all i > 1/2. Therefore, by (15. lip . (15. 12[) . and (|5.14p we can find a constant C4 satisfying 

(5.15) Z (2t) < (1 + 5)Z (t) + C 4 t ff "*+ 2 , t > 1/2. 

Furthermore, since it follows from (|3.4p and (|4.8p with n = + 1 that sup 0<<<1 Zo(i) < 00, 
we apply Lemma 12.51 to inequality (|5. 15[) , and obtain 

(5.16) Z (t) r< i CT "*+ 2 

for all t > 1. This together with ([5TT]) . ([5T3|), and (f5TT4"P implies that 

(5.17) £z x (t) < Z (t) + t a "*+ 2 r< t CT "* +2 



for all t > 1. By (I5.16P and ()5.17p we have inequality (14. 11 f) with n = rt* + 1, <r = cr nt +2 
for any sufficiently large t. Therefore assertions (ii) and (iv) hold with n = n* + 1 for all 
t > 0. Thus, by induction we see that P~g|) . (H~9l) and (14.111) hold with <r = <r n+1 for all 
n = 0,l,2,..., and assertions (i), (ii), and (iv) of Theorem 14. II follow under condition (Fa)- 
Furthermore, for the case n = 0, since -F_i = 0, the proof of (|4.8j) . (14. 9p and (I4.1ip with 
a = u\ remains true without condition (Fa)- Therefore we obtain assertions (i), (ii), and 
(iv) for the case n = without condition (Fa), and the proof of assertions (i), (ii), and (iv) 
is complete. □ 

We complete the proof of Theorem 14.11 

Proof of Theorem 14.11 It suffices to prove assertion (iii) of Theorem 14.11 Since there 
holds (I4.10P for the case K > [K] by Theorem 14.11 (ii) , it suffices to prove (I4.10P for the case 
K = [K]. Let K = [K] and assume (Fa)- Let n € {0, 1,2,...} be such that 



(5.18) 



2(n + l)(A-l) >K. 
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Then we can take a positive constant a so that 

K 



(5.19) 



n(A - 1) < a < A - 1, 



and put e := A- 1 -cr > 0. By (|4TT|) we see U n £ S for n € {-1,0, 1, . . . }. By condition (Fa) 
and (|5.19p we apply Theorem 14.11 (ii) and (iv) to obtain 

tf^\\F(t) - F n ^(t)\\ g + (1 + ty L 2\\\F(t) - F^Wlt 



±(l + t)- A £(l + t)4 It 

3=0,1 I 



- 1 -f 



u(t) -C/ n _i (t) 



=< H(l + ty A+ ^ [(l + t)-f + CT + (l + 1)-"^- 1 )] 



u(t) - C/„-i(i) 



1,1 if , _ i , if i 

' A +2-T +,J X f~2 (1 + f)-T~2- 



for all t > 0, where q £ [l,oo] and I € [0,if]. Then, putting F n _i(i) = P K (t)[F(t) - F n ^(t)], 
by Lemma 12.21 (i) we have 



(5.20) 



t^-^WF^m, + (i + tyi HK-x^llb ^ + t)-T 



for all £ > 0. Let j = 0, 1 and put z n (t) = u(t) — U n (t). By (|5.7|) . for any L > 0, we have 

(5.21) Vh n (t) = V j e tA z n (0) + V j f e^- s ^F n ^(s)ds 

J o 



„(0) -h ( f + t /2 + [) Vh^ A F n ^(s)ds 
\Jt/2 Jl Jo J 



=: W A z n (0) + h(t) + I 2 (t) + I 3 {t) 
for t > 2L. Since z n (0) = P [K] (0)u(0), by QMS) we have 

x a z n (0)dx = 0, |a| < [K] = K, 



and by (Gl) and Lemma 12. II (ii) we obtain 



(5.22) 



lim *t( 1 -?)+— ||V J e* A z n (0)||g ^ lim || e f A z n (0)||i = 



t— >oo 



t— >oo 



On the other hand, by (Gl) and (|5.20p we have 



(5.23) 



t% {1 -« )+ i\\h(t)\\ q <t^-p^ I (t-s)-i\\F n ^(s)\\ q ds 



t/2 



i/2 

(i — s)~2(is ^ i" 



2 



/ K • 
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as t — > oo. Furthermore, by Lemma [2~T1 (ii). (Gl), (|2.4p . and (|5.20p we have 



(5.24) 



t/2 



t/2 



(t — s) a ft — s) A ~ 

V^e L ^ A e^ iA F„_ 1 ( S ; 

t/2 



eV A F n _i(s) / (/ - .«)"T|||f;,_,(.s-)||| Af /.s 

t/2 



~ 1-e ds -< t - Tl- 



for all sufficiently large t. Similarly, by (Gl) we have 
(5.25) t^ (1 -« )+ i||/ 3 (t)|| g 



ft— S) A ft— S) A ~ 

V 3 e 2 A e 2 A F n4 (s 



ds -< 



Its) A ~ 



for all i > 0. On the other hand, by Lemma 12. II (ii), (|2.4p . and (|5.20p we have 



(5.26) 
(5.27) 



K 

hm 1 2 

t— >oo 
(t-s) 



(t-s) A ~ 



= lim (t — s) 

1 t— >oo 



e^ A F n ^(s) 



0. 



e 2 -F n _! S 



^ (t - s)~f |||F n _i(a)|||/f ^ t~f s~5, f > 2L, 



for all s € (0, L). By (|5.26p and (|5.27p we apply the Lebesgue dominated convergence theorem 
to (|5.25p . and obtain 



(5.28) 



N ( \ iijJ' 
tT(l-?)+3[|/3(i)[|, = ( r 



as t — y oo. Therefore, by (|5.2ip - (j5.24p and (15.280 we see that there exists a constant G3 such 
that 

AT/i 1 \ 1 K+j 

limsup^ (1_ 5^+— ||V^„(t)||g < C 3 L- e . 

t— >oo 



Then, since L is arbitrary, we have 

N a M 1 K+j 

lim t~ ( ? ;+ 2 V J z- 



t— >oo 



0. 



Thus we have (I4.10p for the case if = [K] under condition (-Fa)- Furthermore, similarly as 
in the proof of assertions (i), (ii), (iv), for the case n = 0, we have F-\ = 0, and the proof of 
(]4.10p with K = [K] remains true without condition (Fa)- Therefore we have ()4.10p for the 
case K = [K], and the proof of Theorem 14.11 is complete. □ 

Next, by arguments similar to the proof of [18, Theorem 5.1] and Theorem 14.11 (iii) we 
prove Theorem 14.21 

Proof of Theorem [421 Let K > 0. By {22]) and (|Q]> . for any q G [l,oo], I € [0,K], and 
j = 0, 1, we have 



(5.29) 



sup 

f>0 



if(l-|)+T+| 



\Vi[U (t)-Uj(t)]\\ q 

^l + t)-i^ti\\\^[U (t)-Uj(t)]\\\i 



< 00, 
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where 7 = A — 1. Since 

\F (t) - F(Uj(t))\ r< (1 + t) -i * { |C/o(x, t) - Z^j(x, t)| + (1 + t)s I V [£/ (*, t) - Wj(a;, i)] |} 
in R N x (0, 00), by (pT29j) we have 

(5.30) su V t% {1 - l * )+{A+ ^ )+ *\\Fo(t) - F(Uj(t))\\ q 

t>o 

k l 2\\\F (t)-F(Uj(t))\\\l<oc 



+ sup(l + t)-2+(^+7-2)y 

for any q € [l,oo] and I € [0,if]. Then, by (|5.30p . applying Lemma [2,21 (ii) with 7' 
A + 7 - 1/2 and = 1/2, we obtain 



(5.31) 



yj /" e (*-)A p [F(j(a) _ F{U j(t))}ds 
Jo 
ft 

/ (l + s)f- A -^+h-Us 

Jo 

0(t~f ) + 0(t- 2 ( A -V) if K^A(A-l), 
0(t _ f log t) if if = 4(A-1), 



for all sufficiently large £. Furthermore, if K < A(A — 1) and K = [K], then, by the same 
argument as in the proof of Theorem 14.11 (iii) with the aid of (|5.30p we have 



(5.32) 



t* K i >+ 2 



V j e (t-s)A P[K][Fo{s) _ mj{s))]ds 



0(t"T) 



for all sufficiently large t. Therefore, since 



u(t)-u(t) = [u(t)-U 1 (t)]+ / e^ A P [K] [F (s) - F(Uj(t))]ds, 



by Theorem (pT31"]) . and (pT32j) we have 

( 0(t- 2 ( A ~V) if K>A(A-1), 



t f(i- L q )+i\\w[u(t)-u(t)]\\< 



0(t~\ogt) if K = A(A-l), 

0(t _ f) if if<4(A-l), if^ [if], 

o(t _ T) if if < 4(A - 1), if = [K] 



for all sufficiently large t. Thus we obtain (|4.13j) . and Theorem 14.21 follows. □ 
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Proof of Corollary 14.11 We apply Theorem 14.21 with J = 0. Then, since 



u(x, t) 



M 



t JR 



F(s)dxds 



g(x,t)+ M a (u(t),t)g a (x,t) 

l<\a\<[K] 

t 



F M (s)ds - g(x,t) 



o Jr" 



FM(s)dxds 



yZ 9a(x,t) / M a (F M (s),s)ds 
~7Zt™ Jo 



l<\a\<[K] 
poo p 

M- / F M {t)dxdt 
Jo Jn N 



+ £ 

l<\a\<[K] 



g(x,t)+ [ t e^ A F M (s)ds 
Jo 

9a{x,t) 

g(x,t) = u(x,t), 



M a (u(t),t)- I M a (F M (s),s)ds 





OO Z 1 /'OO P 

/ F(s)dxds — I / FM{s)dxds 
t Jn N Jt Jn N 



we see that ()4.13p holds with u replaced by u, and Corollary 14.11 follows. □ 

6 Applications to nonlinear parabolic equations 

In this section we apply the main results of this paper, which are given in Section 4, to some 
selected nonlinear parabolic equations. 

6.1 Convection-diffusion equation 

Consider the Cauchy problem for the convection-diffusion equation 

J d t u = /\u + a-V(\u\ p - l u) in K N x (0,oo), 
I u(x, 0) = <p(x) in R^, 



(6.1) 



where N > 1, a G R^, p > 1, and <p G L°°(R N ) n L\ for some K > 0. Then there exists 
a unique bounded solution n of f)6. 1 [) . and the large time behavior of the solution u has 
been studied in several papers (see for example [TJ, [1], [5], [7], [8], [19], [35], and references 
therein). In particular, it is known that, if p > 1 + 1/N, then the solution u behaves like the 
Gauss kernel and (jl.3j) holds. 

Let p > 1 + 1/N. Then we can easily see that conditions {Ca) and (Fa) hold with 

N, s 1 
A = A,:=-(p-l) + -> 1. 

Furthermore, by Theorem 13.11 and Remark 13. II we see that the unique bounded solution u of 
(|6.ip satisfies (|3.3p and (|3.4p . These mean that all of the assertions in Section 4 hold for the 
solution u with A = A*. In particular, noticing that 



M = I (p(x)dx = / u(x,t)dx for t > 0, 
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we have: 



Theorem 6.1 Assume p > 1 + l/N and if € L°°(IL N ) fl L l K for some K > 0. Let u be a 
bounded solution of ()6.1|) and A = A* . Then there holds ()4.13j) with u replaced by 

Mg(x,t) + \M\ p - 1 M a-Ve {t - s)A g{s) p ds+ ^ c a (t)g a (x,t). 

l<\ot\<[K] 

Theorem 16. II is a direct consequence of Corollary 14.11 We remark that, for the case K = 1, a 
result similar to Theorem 16.11 has been already obtained by Duro and Carpio in [3] (see also 
|35j). However, as far as we know, for the case K {0, 1}, there are no results corresponding 
to Theorem l6.1l for the convection-diffusion equation (|6.ip . We emphasize that the asymptotic 
expansion given in Theorem 16. II is a simple modification of the function Lq, and Theorem 14. II 
can give the other higher order asymptotic expansions by the use of U n (n = 2, 3, . . . ). 

Remark 6.1 Let 1 < p < 1 + l/N and M ^ 0. Then, since < A* < 1, we can not apply 
the arguments in this paper to problem (|6.ip . On the other hand, in this case, it is known 
that the solution of (|6.ip does not behave like the Gauss kernel as t — > oo (see for example 
[TJ, [5], and |19j). and we can noi expect that the assertions of Theorem 16.11 hold. 

The decay estimate between the solution and its asymptotic expansion can give the following 
theorem on the classification of the decay rate of L 9 -norm of the solution u. 

Theorem 6.2 Assume the same conditions as in Theorem \6A[ Then the solution u satisfies 
either 

(i) there exists an integer d E {0, . . . , [K]} such that, for any q S [1, oo] and j = 0, 1, 

||V 3 u(t)|| g x t * { i> 2 2 as t-^oo; or 

(ii) for any q £ [1, oo] and j = 0, 1, 

lim t~ ( s )+ ~ +2 "||V J u(i)L = 0. 

t— >oo 

Theorem 16.21 is proved by the same argument as in the proof of [161 Corollary 1.2] with 
Theorem l6.ll and we leave the details of the proof to the reader. We remark that, if \\u(t) ||oo = 
0(j.-(N+d)/2^ as ^ _^ oo f or S ome j G {1,2, .. . }, then conditions (Ca) and (Fa) hold with 
A = A d := (N + d)(p - l)/2 + 1/2 > 1 and all of assertions of Theorems O and gT2] hold 
with A = A d . 

6.2 Keller-Segel System 

Consider the Keller-Segel system of parabolic-parabolic type 

(6.2) d t u = An - V • («V«) in R N x (0,oo), 

(6.3) d t v = Av-v + u in R*x(0,oo), 

(6.4) u(x,0) = ip(x), v(x,0) =i/)(x) in R^, 
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where N > 1 and 

(6.5) ifi,i(},d x tp eL l (R N )nB(R N ). 

Here B(R ) is the Banach space of all bounded and uniformly continuous functions on 
R^. Cauchy Problem ([Q) - ([6^D is a mathematical model describing the motion of some 
species due to chemotaxis (see [26]), and the asymptotics of solution (u,v) of (I6.2p - (16.4p has 
been studied intensively in many papers, see for example [21] . [22], [27], [28], [32], [33], and 
references therein. In particular, it is known that, for any L > 0, there exists a positive 
constant 5 such that, if 

IMU<A IMIi<*, l|v^||i<<5, ||v^||oo<<5, 

then Cauchy problem (|6,2p - (|6,4p has a unique classical solution (u, v) satisfying 

(6.6) sup(||w(t)|| p + \\v{t)\\ p ) < oo for pG{l,oo}. 

(See [23 Theorem 1.2].) 

Let (u,v) be a classical solution of (I6.2p - (l6.4p satisfying (16. 6p . Assume c/? G -L^ for some 
K > 0. Then we show that higher order asymptotic expansions of the solution of (|6,2p ~ (|6,4p 
are given as a corollary of our results. By |28} Proposition 4.1] we have 

JV/-, In JV/-, Is, 1 

(6.7) sup(l + fp (i « J ||«(t)|| ff + sup V + ^\\Vu{t)\\ q 

t>0 t>l 
JV /--, l , 1 

+ sup(l + t) al ||Vu(t)|| 9 < oo for any q G [1, oo]. 

i>0 

Furthermore, applying arguments similar to the proof |28} Proposition 4.1], we can easily 
obtain 

(6.8) sup t^ {1 ~* )+1 \\V 2 u(t)\\ q < oo for any q G [1, oo]. 
t>l 

In addition, by (|6.7p we can apply Theorem 13.21 to (|6.2p . and see that the solution u satisfies 
all of the assertions of Theorem 13.21 On the other hand, since it follows from (|6.3p that 

(6.9) v(t) = e-y A V + f* e~ t+s e it ~ s)A u(s)ds, t > 0, 

Jo 

by (Gl), dSTTD, and (JES]) we have 

(6.10) sup i^ (1 ~« )+1 ||VV*)ll<z < 00 for any q G [1, oo]. 
Therefore, putting 

(6.11) F(x, t, u, Vu) := -V • (uVt>) = -V« • Vu - (Au)u, 

by (|6.7p and (|6.10p we see that, in (]6.2j) . there hold conditions (Ca) and (i 7 ^) in R w x (1, oo) 
with 

A N 1 ^ 3 

A = h 1 > -• 

2 ~ 2 
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Furthermore, by Theorem 13.21 (i) we have u(l) £ L l K . Therefore, taking the function u(l) as 
the initial function of parabolic equation (16. 2p . we see that all of the assertions in Section 4 
hold with A = N/2 + 1 for the solution u. In particular, we have 

Lemma 6.1 Let (u,v) be a global in time solution of (I6,2p - (|6.4p satisfying (16, 6p . Assume 
if G /or some > 0. Let c a (t) be the functions given in Corollary 14.11 TTten £/tere ZioWs 
f/ie following: 

(a) co(t) = /or a// 1 > 0; 

(b) Zf \a\ < [K] and 1 < \a\ < N , then there exists a constant c a such that 

jV , |a| 

c a (t) = c a + 0(t~~ + ~) as t -> oo; 

(c) 7/ |q[ < [iT] and 1 < |a[ = iV, £aen c a (t) = O(logi) as i — > oo; 
(d) 



£ a ^ A q > + 2 



0(t 2 ) as t -> oo. 



Proof. Assertion (a) follows from (16. lip and the definition of co(t). Furthermore, since 

sup|M Q (/,i)|^|||/||| w for feL\R N ,(l + \x\)Wdx), 
t>o 

by (E2D, fllTTD, (IBTTOT) . and (IBTTll we have 



|M Q (F M (t),t)| ^ IIV^IIocIIIVsWIHh + l|A« 



9\?)\\\\a\ 



.v 1 i N 



for all sufficiently large t. Then, by using (|4.4p and (|4.5p with A = N/2 + 1 we have asser- 
tions (b) and (c). In addition, by (Gl), (|6.7p . (|6.10p . and (|6.1ip we have 



t/2 



JO 



± ||F A/ (s)|| 1 ds + ^ (1 -^ ) / (t-s)-i\\F M (s)\\ q ds 



t/2 



t/2 



JV 

2 



Z< / (l + s)"-" 1 ds + t~ (1_ i )+ 5 / (i- S )-2 S T 1 Tl 1 ^rfs <t 
Jo Jt/2 

for all sufficiently large t. This gives assertion (d), and Lemma 16 . 1 1 follows . □ 
Then, since 

M = I cp(x)dx = / u(x,t)dx for t > 0, 
Jr^ Jr n 

by Lemma 16. II we apply Corollary 14 . 1 1 with N > K to obtain the following theorem. 
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Theorem 6.3 Let (u,v) be a global in time solution of (|6.2p - (|6,4p . satisfying (|6.6p . Let 
N > K and assume (p £ L^ K . Then, for any j = 0, 1, there holds the following: 
(i) If N > K, then 



(6.12) t^ {1 



as t — > oo; 

(ii) ifN = K, then 



t(i) - Mg(i) - c a5a (i) 
l<|a|<[JC] 



(fT) f/ if=[iT], 

o(t-f) i/ jf>[4 



(t) - M<?(t) - ^ c a3a (t) - c a (t) 5a (t) 
l<|a|<K-l |a|=K 



o(t" 



2 



and 
(6.13) 



£2^ qJ+2 



u(t) - Mg(t) - c *9a(t)} 
l<|a|<K-l 



0(t~ log t), 



as t — > oo; 

(iii) ifN = K = l, then 



(6.14) 



jK 1 ||V 3 '[u(t) -Ms(t)]|| = 0(t~3) as t^oo; 



(iv) T/ie same assertions as in (|6.12[) (|6.14|) hold for v. 

Proof of Theorem 16.31 Assertions (i) and (ii) follow from Corollary 14.11 and Lemma 16.11 
Furthermore, by (|6.9p we see that (|6.12p and f|6. 13|) hold with u replaced by v. 

We prove assertion (iii). For this aim, by (|2.7p and assertion (ii) we have only to prove 

(6.15) c a (t) = O(l) as t -> oo 

for the case K = N = \a\ = 1. Since / gg x dx = and (|6. 13[) hold for u and v, by (|2.3p and 
(|6.7|) we have 



\M a (F(t),t)\ 



x(u(x, t)v x (x, t)) x dx 



R 



R 



u{x, t)(v(x, t) — Mg(x, t)) x dx 



R 



+ 



u(x, t)v x (x, t)dx 
(Mg(x,t)) x (u(x,t) - Mg{x,t))dx 



R 



< ||w(t)||oo||(^(*) - Mgit)),^ + WiMg^^Wuit) - M ff (t)||i = o(ra logi) 
as i — > oo. Similarly we have 



\M a (F M {t),t)\ 



R 



x(Mg(t)v x (x,t)) x dx 



R 



Mg(x, t)v x (x, t)dx 



o(t 2 log t) 



as i — > oo. These together with Lemma 12.31 (ii) implies (|6.15p . and assertion (iii) follows. 
Then, by (|6,9p we see that (|6.14p holds with u replaced by v, and Theorem 16.31 follows. □ 
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Remark 6.2 (i) Under assumption (|6.6p . Kato in [22] and Yamada in [32] and [33] re- 
cently studied the asymptotic expansions of the solution of f)6. 2h — fj6.4|) in detail, and obtained 
some asymptotic expansions given in Theorem \6.3[ We emphasize that Theorem \6.3\ is easily 
obtained by Corollary 14.11 with the aid of some global bounds of the solution and that Theo- 
rems 14. ll and \4.2\ can systematically give the other higher order asymptotic expansions of the 
solution and the decay estimates between the solution and its asymptotic expansions. 

(ii) Due to the decay estimates in Theorem 16.31 we can obtain the result similar to Theo- 
rem I6.2L and by using Theorems 14.11 and 14.21 we can also give the higher order asymptotic 
expansions of the solutions decaying faster than the Gauss kernel. 

6.3 System of semilinear parabolic equations 

Our arguments in this paper are also applicable to systems of parabolic equations under 
suitable assumptions. In this subsection we focus on the Cauchy problem for a system for 
semilinear parabolic equations, 

(6.16) d t u = Au + F(u) in R^xfO.oo), u(x, 0) = $(a;) in K N , 

where m = 1,2, . . . , u = (m, ■ ■ ■ ,u m ), F = (F 1 (u), ■ ■ ■ F m (u)), and $ = (</?i,- • • ,<p m ) G 
{L l K n L°° (R )) m for some K > 0, and we study the asymptotics of the solution u. Through- 
out this subsection we assume F G C(R N : R m ) and that there exist constants C > and 
a > 1 + 2/N such that 

(6.17) \F(v)\<C\v\ a , veR m . 
Let n be a unique global in time solution of f|6. 16|) such that 

JV 

(6.18) ||«(t)||oo ^ + t>0. 
Then, by flgTr]) and (IBTTH]) we have 

N(a-l) 

(6.19) \F(u(x,t))\ < (1 + t) —\u(x,t)\ 

for all (x,t) G H N x (0,oo). Therefore, similarly to Section 6.1, we can apply the same 
arguments as in the previous sections to the solution u with A = N(a — l)/2 > 1. This 
means that all of the assertions in Section 4 hold with A = N(a — l)/2 > 1. In particular, 
we apply Corollary 14. II with K € (0, 1] to obtain the following result. This is an extension of 
[18(. Theorem 5.1], which treats the case m = 1. 

Theorem 6.4 Let m G {1,2,...} and K > 0. Assume (|6.17p and <I> = (tpi,--- ,(p m ) G 
(L^ n L°°(R, N )) m . Let u be a global in time solution of Cauchy problem (|6. 16j) . satisfying 
(16.180 . Then there exists the limit 




such that 



lim t^ {l ^\\u{t) -Mg(t)\\g = 
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for any q € [1, oo]. Furthermore there holds the following: 
(i) If K £ (0,1], then 

' O(rT) +0(H A - 1 )) i/ 2(A-l)^tf, 
O(r^logi) if 2(A-l) = K, 



N a 1\ 

^ (1 -?lu(t)-Mp(t)||, 



as t — > oo, for any q € [1, oo]; 
(ii) IfKe (0,1], i/ien 



tf(i-i)|| M (t)_ Ul(t )j| g 



0(t-^) + 0(t- 2 ( A - 1 )) i/ 4(A-1)^#, 
0(t _ Tr +< 7 ) »/ 4(A - 1) = K, 

as t — > oo, for any q € [1, oo] and a > 0, where 

ui(x, £)=(m - j J F(Mg(x, t))dxdt\ g(x, t) + J e ( *" s)A F(Mg(x, s))ds; 
(iii) Assume that / xF(Mg(t))dx = /or all t > 0. let if > 1. T/ien 



t^ {1 —^\\u(t) - Mg{t)\\ q = 0(1T2) + OQ-^-V) 



as t — > oo /or any g € [1, oo] . 

Proof of Theorem 16.41 This theorem is proved by Corollary 14. II with minor modifications. 
We leave the details of the proof to the reader. (See also the proof of |T8j Proposition 5.1].) 



□ 



7 Appendix 

For convenience we present the proof of Lemma 12.41 by the same arguments as in Chapter 1 
in [9]. We first prove QHfy and (f2"T0l) . 

Proof of (|2.9[) and (|2.10p . The C 1 -regularity of w and the representation (|2.9p are easily 
obtained by a argument similar to Chapter 1 of [9J. Put Cjj = ||^||l° o (o,T:L oo (r jv )) • Then, by 
(j2.6[) . (j2.8j) . and (|2.9p we see that there exist constants C\, C2, and C3, independent of Ch 
and T, such that 

\w(x,t)\ < J (J G(x - e,r)de) ll-ff(r)||oodr < J* WH^W^dr < dC H T, 

\(V x w)(x,t)\<J* ^ N \(V x G)(x-£,T)\dZ) WHir^dr 

< C 2 f\t - r)"3 H^rJIIoodT < CsC^T 1 ^ 
Jo 

for all (a;,*) € H N x (0,T), and we obtain (pJOl) . □ 

Next we prove (|2.1ip . For this aim, we prove the following lemmas. Put G a (x,t) = 
(d%G)(x,t). 
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Lemma 7.1 Let < v < 1 and \a\ < 1. T/ien i/iere exists a constant C such that 
(7.1) 



tt / ,n |G a (x,i) - G a (y,t)\ , , . . u 
IIi(ac, y:t):= , < C{/j(x, i) + /i(y, i)} 



\x - y\ l 



for all x, y G R^ urai/i x ^ y and all t > 0, where 



(7.2) 



Al(x, t)=t2 2 



e le* . 



l + (t-5|x|)~^ + (r5|x|) |cl|+2 

Proof. Let x, y G R w with x ^ y and i > 0. If |x — y\ > t 1 / 2 , then, by (|2.6[) we have 

IL(x,y : t) < rs {|G«(a:,t)l + \G a (y,t)\} < C x [h{x,t) + h(y,t)] 

for some constant Ci, and obtain inequality (17. ip . So it suffices to prove inequality (|7.1|) for 
the case \x — y| < t 1 / 2 . In this case, if y G B(x, \x\/2), the mean value theorem implies the 
existence of the point x* G B(x, \x\/2) such that 

IL^y : t) < \(y x G a )(x*,t)\\x - y\ x - v < t^\(V x G a )(x*,t)\. 
Then, since \x\/2 < |x*| < 3|x|/2, by (|2.6p we have 



(7.3) U 1 (x,y:t)<C 2 t--- — 



l + (t 2\X* 



M+i 



_l£±r 

e 4t 



JV \a\+" 
< C 3 t~~ 2— 



e is* 



<C 4 %,i) if y G B(x, \x\/2), 



l + (t~*\x\)W +1 

where C*2, C3, and C4 are constants independent of x, y and t. Similarly we have 

(7.4) TL x (x,y :t) < C 4 h(y,t) if x G B(y, \y\/2). 
On the other hand, if y G" -B(x, |x|/2) and x B(y, \y\/2), then we have 

\x-y\> (l/2)min{|x[, \y\}, 

and obtain 

Mx,y : i) < i"5 [(t-*\x\)- v \G a (x,t)\ + (H|y|)-"|G a (y,*)| . 
This together with (|2.6p implies that 

(7.5) Hi(x,y:t) < + %,*)], 



where C5 is a constant independent of x, y and t. Therefore, by (|7.3p - (|7.5p we have inequality 
(|7.ip for the case |x — y| < t 1 / 2 . Thus Lemma O follows. □ 

Lemma 7.2 Lei < v < 1 and |a| < 1. T/ien there exists a constant C such that 

\G a (x,t) - G a (x,s)\ 



(7.6) 



n 2 (i, s : x) := 



\u/2 



< C{h(x,t) + h(x,s)} 



for all x G R and all < s < t. 
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Proof. If < s < t/2, then t/[t — s) < 2 and s/(t — s) < 1, and we obtain 

n 2 (t,s:x) < 2 t-i\G a {x,t)\+ s-2\G a (x,s)\ 

< 2*t-Z\G a (x,t)\ + s-*\G a (x,8)\. 

This together with (|2.6p yields inequality (|7.6p for the case < s < t/2. On the other hand, 
if t/2 < s < t, then, by the mean value theorem there exists a constant G (t/2, t) such that 

Il 2 (t,s:x) < |(8fcG a )(a:,i 1 0|(t-fl) 1 -3 < ^ |(d 4 G a )(x, i*)|. 

This together with (|2.6p implies that 

H 2 (t,s : x) < Cit 1 -^;^ ~ l + (C 1/2 |xj) 2+ l Q l < C 2 h{x,t), 

for some constants Ci and C2, and we obtain inequality (|7.6|) for the case t/2 < s < t. Thus 
Lemma 17.21 follows. □ 



We are ready to complete the proof of Lemma [27 

Proof of Lemma l2.4L It suffices to prove (12. lip . We can assume, without loss of generality, 
that Ch = 1- Let \a\ < 1 and 

E{T) = {(x, y, t, s) G R 2N x (0, T) 2 : (x, t) ^ (y, s), s < t}. 

By Lemmas 17.11 and 17.21 we have 

/ vv n tt / , \ \G a (x,t) - G a (y,s)\ 

(7.7) U(x, y, t, s) := — — — - < Ui{x, y : t) + U 2 (t, s : y) 

\x — y\ v + (t — s) u ' z 

r< h(x,t) + h(y,t) + h(x,s) + h(y,s) 
for all (x,y,t,s) G E(T). On the other hand, by (12. 9p we have 
(78) \(d°w)(x,t)-(d«w)(y,s)\ 
\x - y\ v + (t - s) v / 2 

< f f n(x-£,y-t,t-T,8- T)Hfo T)d^dT 

Jo Jr n 

iRN \x - y\ v + (t- s) v l l 
for all (x,y,t,s) G £(T). Then, by (JT/J) and ([721) we have 

(7.9) A ^ f (J [h(£, t-r) + h(t s - r)]dA dr 

f'^ \a\-\-u \a\4-b' -, I ct I -4- v -, I a I + 1/ 

1 / [(* ~~ T )~~^~ + ( s — t) ~~~*\dT -< s 2^ ^ T 



for all (x,y,t,s) G E(T). Furthermore, by (I2.6P we have 
(7.10) I 2 < J s \ t _[ )v/2 dr <{t- s)^ < 

for all (x,y,t,s) G E(T). Therefore, by (|7.8|) - (|7.10p we have inequality (|2.1ip . and the proof 
of Lemma 12.41 is complete. □ 
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